Abstract-We consider the coordinated attitude control problem for a group of spacecraft, without velocity measurements. Our approach is based on the introduction of auxiliary dynamical systems (playing the role of velocity observers in a certain sense) to generate the individual and relative damping terms in the absence of the actual angular velocities and relative angular velocities. Our main focus, in this technical note, is to address the following two problems: 1) Design a velocity-free attitude tracking and synchronization control scheme, that allows the team members to align their attitudes and track a time-varying reference trajectory (simultaneously). 2) Design a velocity-free synchronization control scheme, in the case where no reference attitude is specified, and all spacecraft are required to reach a consensus by aligning their attitudes with the same final time-varying attitude. In this work, one important and novel feature (besides the non-requirement of the angular velocity measurements), consists in the fact that the control torques are naturally bounded and the designer can arbitrarily assign the desired bounds on the control torques, a priori, through the control gains, regardless of the angular velocities. Throughout this technical note, the communication flow between spacecraft is assumed to be undirected. Simulation results of a scenario of four spacecraft are provided to show the effectiveness of the proposed control schemes.
I. INTRODUCTION
Cooperative and formation control of autonomous vehicles have received extensive interests in recent years leading to significant theoretical developments [3] , [4] . In particular, the use of graph theory produced many interesting results [5] , [6] . The above mentioned papers, mainly deal with simple dynamic models such as linear systems and single or double integrators, and hence they are often limited when it comes to dealing with rigid body dynamics. Recently, several papers have investigated the problem of controlling and maintaining the relative attitudes of formation flying spacecraft, or rigid bodies in general, and several approaches have been proposed, from which some common fundamental aspects can be extracted. Roughly, four main approaches can be found in the literature: Multiple input-multiple output (MIMO), leader-following, virtual structures and the behavioral methods, (see for instance [7] - [16] and references there in).
The above coordination control strategies are mainly based on the assumption that each spacecraft (vehicle) knows its own angular velocity, and the angular velocity of its neighbors. In this technical note, we consider the attitude synchronization problem of formation flying spacecraft and remove the requirement for the angular velocity and the relative angular velocities. In this context, the authors in [13] present a local passivity based control law for multi-spacecraft attitude alignment without velocity measurements, assuming a ring communication topology. In [17] , the Modified Rodriguez Parameters have been used to extend the work of [13] to the case of a general undirected communication topology. In both works, the authors consider the case where the final angular velocity is zero, and the extension of the obtained results to the trajectory tracking case is not obvious.
In this technical note, we provide solutions to two different problems. The first problem consists of designing a control law that allows to achieve simultaneous attitude tracking and synchronization of a group of spacecraft without velocity measurements and without any restriction on the graph topology. In contrast to the velocity-free synchronization schemes available in the literature, our proposed control scheme allows to handle time-varying reference trajectories. This attitude tracking and synchronization scheme can be classified as a behavioral type in the sense that two different objectives (behaviors), namely tracking and synchronization, can be achieved simultaneously. A priority between the two objectives can be established through the choice of the control gains. In fact, this approach allows to synchronize a group of spacecraft before converging as a formation to the desired reference trajectory. This might be useful in several applications, such as spacecraft interferometry, where accurate spacecraft alignment is required while tracking a desired trajectory. We also show that the proposed control law can be simplified further by removing the condition on the gains as long as the graph topology is an undirected tree. This velocity-free result is quite similar to the results obtained in the full information case (i.e., with velocity measurement) in [14] - [16] .
The second problem solved in this technical note is the case where no leader and no reference trajectory are used to dictate the group's objective, and it is required that the spacecraft align their attitudes with the same (not necessarily constant) angular velocities, under an undirected, connected and acyclic graph. To the best of the knowledge of the authors, this technical note is the first dealing with the above aforementioned problems without velocity measurements.
To solve the above mentioned problems without requiring the angular velocity measurements, we rely on the auxiliary systems approach recently introduced in [18] . It consists of associating an auxiliary dynamic system to each spacecraft and to each pair of spacecraft with a communication link in order to recover and generate the necessary damping that would have been generated by the actual angular velocities and relative angular velocities. It is worth pointing out that by removing the velocity measurements for a formation with a large number of spacecraft, we reduce the cost related to the sensors and the communication flow between spacecraft, and guarantee a certain level of immunity against angular velocity sensors failure.
II. SPACECRAFT DYNAMICS AND PROBLEM FORMULATION
Consider a group of n spacecraft modeled as rigid bodies. The equations of motion of the j th spacecraft are I f _ !j = j 0 S(!j)I f !j; 
Assume that the desired trajectory is given by the unit quater-
T that represents the orientation of the desired frame, denoted by F d , and satisfies the unit-quaternion dynamics: 
where!j is the angular velocity error vector describing the relative angular velocity of F j with respect to F d expressed in F j . Matrix R(q j )
is the rotation matrix, related toq j , that brings F d onto F j and is given by R(qj ) = R(qj )R(q d )
T , [19] . Following the same steps as in [18] , and using (1), (7) and the cross product properties, one can show that the angular velocity error dynamics for the j th spacecraft satisfỹ
with
In the sequel, we say that the j th and k th spacecraft are neighbors, or connected by a communication link, if they have access to their relative information. In our case, two neighbors need to know their relative attitudes. The relative attitude between the j th and k th spacecraft can be either computed in each spacecraft, if their absolute attitudes are communicated to each other, or measured if each spacecraft is equipped with relative attitude sensors. The relative attitude between the j th and k th spacecraft, namely q jk = (q T jk ; jk )
T , is defined as: q jk = q 01 k q j , and is governed by the following dynamics:
where q jk represents the rotation from F k to Fj, R(q jk ) is the rotation matrix related to q jk , and the vector ! jk is the relative angular velocity of F j with respect to F k expressed in F j . Using (4) and (5), the following relations can be easily verified:
With the above definitions, we can see that attitude tracking is achieved when q j coincides with q d , such thatq j = (0 T ; 61)
T , and ! j = 0, which is equivalent, from (5), to R(q j ) = I 3 and, from (7), to !j = ! d . Note that due to the inherent redundancy of the quaternion representation, q and 0q represent the same physical orientation however, one is rotated 2 relative to the other about an arbitrary axis. Accordingly,qj = (0 T ; 61)
T correspond to the same physical point.
In addition, group alignment is attained, i,e, q j coincides with q k for all j; k 2 f1; .. .;ng, when q jk = (0 T ; 61)
T and ! jk = 0, and equivalently, R(q jk ) = I3 and !j = ! k for all j; k 2 f1; ... ; ng.
In this technical note, our main objective is to design coordinated attitude control laws without angular velocity measurements for each spacecraft to solve the following problems:
1) OBJ1: Design a velocity-free attitude tracking and synchronization scheme such that each spacecraft tracks the desired trajectory, and the relative attitudes and angular velocities between the team members converge to zero, simultaneously, i.e., q j (t) ! q k (t) ! q d (t) and !j(t) ! ! k (t) ! ! d (t), for all j; k 2 f1; .. .;ng.
2) OBJ2:
We assume that no reference signal is available to any spacecraft, and we want to design a velocity-free synchronization scheme such that spacecraft align their attitudes, i.e., qj(t) ! q k (t) and ! j (t) ! ! k (t), using only local information transmitted between neighbors among the group.
III. SIMULTANEOUS ATTITUDE TRACKING AND SYNCHRONIZATION
In this section, we consider the first problem (OBJ1) which consists of the design of a simultaneous attitude tracking and synchronization scheme without velocity measurements, allowing a group of spacecraft to align their attitudes with a time-varying reference attitude, while maintaining the same relative attitude during formation maneuvers.
A. Auxiliary Systems
Instrumental in our approach, the concept of the auxiliary systems introduced in [18] to remove the angular velocity measurements. In fact, we associate a unit-quaternion auxiliary system to each individual spacecraft, defined as follows: 
where R(pj ) is the rotation matrix related topj .
We also associate a unit-quaternion auxiliary system to each pair of (17) The main idea behind the introduction of the auxiliary systems is to provide an indirect asymptotic estimation of the angular velocities and relative angular velocities to generate the necessary damping for the overall closed loop stability. To explain the mechanism, let us consider the auxiliary system (12) associated to spacecraft j. Through an appropriate choice of the control input j (that will be presented later), one can generate a passive mapping between the auxiliary system input j and the vector part of the unit-quaternion errorp j , namelyp j . Hence, picking j as a simple feedback in terms ofp j , will guarantee the convergence ofpj to zero, which in turns forces j towards!j asymptotically. Consequently, from this perspective, a particular asymptotic observer for! j is realized in the sense that! j can be replaced byp j to generate the necessary damping in the control law j . A similar interpretation can be given for the relative auxiliary system (15) where the relative angular velocity ! jk between spacecraft j and k can be estimated (asymptotically) through the relative auxiliary system input jk (which is taken proportional to the vector part of the unit quaternioñ p jk , namelyp jk ). This will allow to replace the relative angular velocity ! jk byp jk to generate the relative damping between spacecraft j and k.
B. Control Law Design for OBJ1
Based on the coupled dynamics controller proposed in [12] , we propose a control scheme that consists of two terms in order to achieve two different objectives/behaviors. The first term aims to track a desired attitude and angular velocity, in order to achieve the goal-seeking behavior, and the second term is used to achieve the formation-keeping behavior by ensuring attitude synchronization of spacecraft in the formation while tracking the desired trajectory. Consider the following control action for the j th spacecraft, given by 
where n is the number of spacecraft in the formation, 1j and 2j are strictly positive gains that we will call attitude tracking control gains and k and/or k d jk determines the strength of the connection between spacecraft. Therefore, various coordination architectures can be used by different choices of these gains, [15] . In addition, by restrictions (19), we are assuming that the communication flow between spacecraft is undirected.
Our first result is stated in the following theorem. Theorem 1: Consider the formation given in (1)-(2) under the control law (18) , with (19) , and let the inputs of the auxiliary systems (12) and (15) (21) is restrictive in the sense that priority is given to the goal-seeking behavior over the formationkeeping behavior. This condition is not required if there exists a time T > 0 such thatj(t) > 0 for all t > T . From a practical point of view, this assumption can always be satisfied, and the scalar parts of unit-quaternion are ensured to be positive for all t 0 if one restricts the rotation angle to be in [0; ].
Remark 1: It is important to note that the control law (18) consists of pure unit-quaternion feedback terms, and terms depending on the desired angular velocity, its derivative and the inertia matrix. Consequently, the control effort is bounded (regardless of the angular veloc- In order to implement the proposed control scheme given in (18), spacecraft j must be able to compute the unit-quaternionq j and the vector parts of the unit-quaternion q jk ,pj ,p jk andp kj . The first four variables can be computed if the absolute attitudes of spacecraft j and k are available to spacecraft j. This can be realized either by relative sensing or by transmitting spacecraft absolute attitudes, qj, between neighbors in the team. The last variable,p kj , must also be transmitted via the communication channels. Therefore, the proposed control scheme does not increase the communication requirements as compared to the full information case where both attitudes and angular velocities are communicated between neighbors. In this case, The information flow between spacecraft can be described by the two undirected graphs G 1 = (N ; E; K p ) and G 2 = (N ; E; K d ). N = f1; . . . ; ng is the set of nodes or vertices, describing the set of spacecraft in the formation, E is the set of unordered pairs of nodes, called edges. An edge (j; k) indicates that spacecraft j and k are neighbors and can obtain information from one another. K? is the set of weights associated to the links in the graph. Note that G 1 and G 2 have the same set of nodes and set of edges, and they differ only by the sets of weights K ? associated to every link of each graph respectively, containing the formation-keeping gains k ? jk , with ? 2 fp; dg. Hence, G 1 and G 2 will have the same properties, and both describe the information flow graph between spacecraft in the formation. For more details on graph properties, the reader is referred to [20] .
We can show that the above control law can be further simplified by allowing 1j = 0, under some conditions on the communication graph. Before we proceed, we state the following Lemma. 
is q jk = 0 for j; k 2 f1; . . . ; ng, where k p jk are defined as in (19) . Furthermore, if there exists a time T > 0 such that j (t) > 0, (or j (t) < 0), for all t T and j 2 f1; . . . ; ng, then q jk = 0 for j; k 2 f1; . . . ; ng is the only solution to (22) for any connected undirected graph. 1 an undirected graph is a tree if there is a path between any two distinct nodes on the graph, and it contains no cycles, [20] Proof: A similar proof can be found in [1] and [2] . The result is stated as follows Corollary 1: Given the formation (1)- (2) with the control law (18) with (19) . Let 1j = 0, 2j > 0, and the inputs of the auxiliary systems (12) and (15) be given by (20) . If the undirected communication graph between spacecraft is a tree, then all the signals are globally bounded and qj ! q k , 8j;k 2 f1;...;ng, and !j ! R(qj)! d (t), 8j 2 f1;...;ng, asymptotically. Furthermore, if there exists a time T > 0 such that j (t) > 0, (or j (t) < 0), for all t T and j 2 f1;...;ng, then the above result holds for any connected undirected graph.
Proof: Following the same steps of the proof of theorem 1, we can conclude that!j ! 0, and ! jk ! 0 for all j; k 2 f1;...;ng, and equation (A5), in this case, reduces to (22) . Then using the result in Lemma 1, we conclude that q j ! q k for all j; k 2 f1;...;ng. From T . The result in Corollary 1 extends the work of [14] and [16] to the velocity free case, where similar results were obtained in the full information case (i.e., with velocity measurement) under the same sufficient condition on the communication graph.
One important requirement of the above control schemes is that the time-varying desired angular velocity must be available to all spacecraft in order to guarantee group alignment with a non-zero final angular velocity. The extension of the above control law to the case where the time-varying desired angular velocity is available to only one or some spacecraft is not straightforward. To the best of our knowledge, this problem is still open even with angular velocity measurements. A preliminary solution to this problem has been proposed in [16] , with angular velocity measurements, where a time varying reference trajectory is known to a single spacecraft (the leader). The reference trajectory is assumed to be linearly parameterized in terms of some scalar time-varying functions known by all spacecraft, and unknown constant coefficients, and a classical adaptive control technique is used to recover these coefficients. In the approach of [16] , some information on the reference velocity is still required to be available to all spacecraft and the type of reference trajectories is restricted. On the other hand, in [9] , the author assumes that the desired angular velocity is available to some members of the team acting as leaders. A directed communication graph is considered, and attitude alignment is achieved provided that the directed graph can be reduced to a single node. In [17] , the same author extends his result using the MRP parametrization for the attitude representation. In both papers, the author assumes that, in addition to their attitudes and angular velocities, spacecraft transmit their angular accelerations, which increases the cost and complexity in that more sensors and intensive communication are required especially if the number of spacecraft is increased.
IV. CONSENSUS SEEKING WITHOUT REFERENCE TRAJECTORY
In this section, we deal with the second problem (OBJ2). We consider the case where it is required to synchronize a group of spacecraft to reach an agreement on the final attitude without velocity measurements, and show that the auxiliary dynamics are instrumental in the control design. We assume that no desired reference trajectory is assigned, and spacecraft are required to converge to the same (not necessarily constant) angular velocity while maintaining the same attitudes during formation maneuvers, i.e., qj ! q k and !j ! ! k . We assume that the communication between spacecraft is bidirectional and the spacecraft angular velocities are not available.
In order to solve this problem, we first redefine the unit quaternioñ p j used in the previous section as follows:p j = p 01 j q j , which is governed by the dynamics (13) (26), we assume that spacecraft can also communicate the unit quaternionp j with one another via the information exchange topology. This will constitute an extra data to be transmitted through the information flow described by the weighted undirected graph G 2 = (N; E;K d ). Now, we can state the following result.
Theorem 2:
Consider the formation given in (1)- (2) under the control law (26), with restrictions (19) , and let the inputs of the auxiliary systems (12) and (15) and following similar steps as in the proof of theorem 1, with the help of Lemma 1, the results of the theorem can be proven. Details of the proof are omitted due to space limitations and can be found in [2] .
It is important to mention that the proposed control law in this section ensures that all spacecraft converge to a final angular velocity which is guaranteed to be bounded, and not necessarily constant. 
V. SIMULATION RESULTS
In this section, the performance of the proposed control schemes is investigated through numerical simulations. We consider the results obtained in Theorem 1 and Theorem 2. Using SIMULINK, we consider a scenario of four spacecraft under an undirected communication flow T . We consider the communication flow between spacecraft described by the graph whose set of edges is given by; E 1 = f(1; 2); (1;3); (1; 4); (2; 3)g, and the controller gains are selected as in Table I in order to satisfy condition (21) . Fig. 1 shows the spacecraft attitudes represented by the unit quaternion q i j , j = 1; . ..; 4, and j = d for the desired attitude. We use the superscript "i" to denote the i th component of a vector. It is clear that the four spacecraft converge to the same specified attitude.
We consider next the Consensus seeking problem with E 2 = f(1; 2); (1;4); (2; 3)g. We assume that no reference trajectory is assigned and spacecraft are required to synchronize their attitudes to a common final attitude (not necessarily constant). In Fig. 2 we can see that spacecraft reach an agreement and converge to the same final time varying attitude. Note that the final trajectory depends on the initial conditions and the weights assigned to each link of the communication graph.
VI. CONCLUSION
We addressed the problem of quaternion-based attitude tracking and synchronization of a group of spacecraft without velocity measurements, under an undirected communication graph. Instrumental in our approach, the introduction of the so-called "auxiliary systems" playing the role of velocity observers allowing to generate the necessary damping in the absence of the actual spacecraft angular velocities and relative angular velocities. We proposed a behavioral-type approach (Theorem 1) guaranteeing simultaneous group synchronization and trajectory tracking. Almost global asymptotic stability results are obtained in the sense that the closed loop system has several equilibria, that represent the same physical configuration, but only one of them is an attractor [21] . In Theorem 2, we solved the velocity-free consensus-seeking problem, where global attitude agreement can be reached between spacecraft provided that the communication graph is a tree. In this last result, spacecraft attitudes are guaranteed to converge to a common bounded time varying trajectory. The prediction of this final angular velocity will be examined in our future work. It is important to mention that although we consider the velocity-free attitude synchronization problem in the context of a group of spacecraft, our results are applicable to the attitude synchronization problem among rigid bodies in general satisfying the rotational dynamics. Moreover, we believe that the control schemes derived in this work carry an important and novel feature (besides the non-requirement of the angular velocity measurements), which consists in the fact that the control torques are naturally bounded since all feedback terms involved in the control laws are unit quaternion. This feature allows the designer to arbitrarily set the desired bounds for the control torques, a priori, using the control gains, regardless of the angular velocities. The extension of the present work to dynamically switching and/or directed communication topologies is a challenging topic that will be part of our future work. 3n is the column vector composed of all the vectorsqj , for j = 1; . . . ;n, and the matrix M(t) = [m jk (t)] 2 n2n is given by; m jj (t) = 1j + n k=1 k p jk k , and m jk (t) = 0k p jk j . We can see that the formation has converged to the desired trajectory and consequently all spacecraft are aligned only ifQ = 0. A necessary and sufficient condition for this is that the matrix M(t) has full rank. We can easily verify that matrix M(t) is strictly diagonally dominant if condition (21) is satisfied, [1] . This implies that the only solution of (A6) isQ = 0, that isq j = 0 for j 2 f1; . . . ;ng. Finally, we can conclude thatq j ! 0 andj ! 61, or equivalently qj ! q k ! q d . Moreover, sincẽ ! j ! 0, ! jk ! 0, R(q j ) ! I 3 and R(q jk ) ! I 3 , we conclude that ! j ! ! k ! ! d (t), 8j; k 2 f1; . . . ;ng.
Furthermore, we can see from the definition of matrix M(t) that if the scalar parts j (t) for j 2 f1; . . . ;ng are positive, then matrix M(t)
is strictly diagonally dominant, [1] . Also, note that equation (A5) holds when t tends to infinity. Then, if there exists a time T > 0, such that j (t) > 0 for t > T and j 2 f1; . . . ;ng, the only solution to (A6) isqj = 0 for j 2 f1; . . . ;ng without any condition and the same convergence results hold.
